Abstract. Congruences of truncated sums of infinite series do not directly extend to congruences of the truncated sums of higher powers of these infinite series. Guo and Zudilin recently established a variety of supercongruences for truncated sums of certain basic hypergeometric series. In this note we extend some of these supercongruences to the truncated sums of the squares of the corresponding series.
Introduction
Recall that for a complex number q and a complex variable a, the q-shifted factorials are given by (1−aq i ) (|q| < 1).
The q-integer is given for any nonnegative integer n by
[n] q = [n] = 1 − q n 1 − q = 1 + q + · · · + q n−1 .
Let Z[q] denote the set of polynomials in q with integer coefficients and let Z(q) denote the set of rational functions in q with integer coefficients. The n-th cyclotomic polynomial is the polynomial in Z[q] given by Φ n (q) = n j=1 gcd(j,n)=1
where ζ = e 2πi/n is the n-th root of unity. Given polynomials A 1 (q), A 2 (q), P (q) ∈ Z[q], the congruence A1(q) A2(q) ≡ 0 (mod P (q)) means that P (q) divides A 1 (q) and that gcd P (q), A 2 (q) = 1; and in general for rational functions A(q), B(q) ∈ Z(q), the congruence A(q) ≡ B(q) (mod P (q)) means that A(q) − B(q) ≡ 0 (mod P (q)). Many of the recent publications dealing with supercongruence relations were motivated by Ramanujan's formulas for 1 π as in Ramanujan [11] and Berndt [1] and the later work by Van Hamme [14] where he stated a variety of conjectures on the p-adic analogues of Ramanujan-like formulas for 1/π. See for instance [2, 3, 4, 5, 6, 10] .
For other related congruences, we refer to [7, 12, 13, 15] . Guo and Zudilin [9, Theorems 1.1-1.4] recently used the so-called q-microscope approach to establish the following supercongruences. If n is a positive odd integer, then
and (2)
and if n is a positive integer which is coprime to 6, and a and q are complex numbers, then we have modulo
where −3 n is the Jacobi symbol, and as a consequence of (3) by letting a → 1
An important step towards establishing their supercongruences, Guo and Zudilin [8, 9] evaluated the basic hypergeometric series corresponding to the three congruences (1)-(3) respectively as follows:
Roughly speaking, the q-microscope approach of Guo and Zudilin [9] goes as follows.
To derive a supercongruence for a sum ranging from 0 to n − 1, they first express the infinite version of their truncated sum as an infinite product, say
and secondly they investigated the radial limit on both sides as q approaches a primitive root of unity ζ of degree a divisor d of n. Then after proving that lim q→ζ ∞ k=0 C k (q) is either zero or bounded above, they proceed with other steps to obtain the desired information on n−1 k=0 c ζ (k). However, this approach seems not to extend directly to the truncated sums of higher powers of such series. To clarify this difficulty, observe that while higher powers of the right-hand-sides of (4)- (6) behave nicely as far as convergence when q → ζ is concerned, the situation is quite unclear when powers of the corresponding left-hand-sides are considered. Our main goal in this note is to provide supercongruence relations for the truncated sums ranging from 0 to n − 1 of the squares of the series on the left-hand-sides of (4)- (6) . However, we were not able to obtain congruences for the sums ranging from 0 to n−1 2 . Among key ideas in the work of Guo and Zudilin [9] we find the following properties of the k-th term c q (k) of the basic hypergeometric series which they studied:
where d is a positive odd integer and ζ is a primitive d-th root of unity. Our proofs rely on the q-microscope method [9] combined the two conditions in (7) and their consequences which we record in the following lemma. 
Note that Lemma 1 can be extended to the convolution of any two sequences which satisfy the conditions (a) and (b) in the lamma. The rest of this paper is organized as follows. In Section 2 we state our main theorem and their p-adic consequences. In Sections 3-5 we give the proofs of Theorems 1-3 respectively. Section 6 is devoted to the proof of Lemma 1. In Section 7 we give two conjectures on supercongruences which are related to our results.
Statement of results
Theorem 1. Let c q (k) be the k-th term of
and let
Then for any positive odd integer n we have
By letting q → 1 one obtains the following p-adic identity.
Corollary 1.
For any odd prime number p, we have
Theorem 2. Let c q (k) be the k-th term of
Corollary 2. For any odd prime number p, we have
Then for any positive odd integer which is coprime to 6 we have
Upon letting a → 1 in Theorem 3 we obtain the following special case.
Corollary 3. Let p > 3 be a prime number. Then we have
Proof of Theorem 1
The result is evident for n = 1. Now let n > 1 be odd, let d be an odd divisor of n, and let ζ be a primitive root of unity of degree d. With the help of the following basic properties
Guo and Zudilin [9] showed that for any nonnegative integer l
By the relation (4) we have
Note that for the right-hand-side of the previous identity, it is to see that
As to the left-hand-side, we have
Now by (7) the sequence {c ζ (k)) ∞ k=0 satisfies the conditions of Lemma 1(a, b) and so, the limit as q → ζ of the rightmost sum of the foregoing formula becomes
where the second and third identities follow by (9) and the last identity follows from (10). Thus we have
Furthermore, we similarly get
which completes the proof.
Proof of Theorem 2
Note first that using the formula (4) we have
The result is clear for n = 1. Suppose that n > 1 is odd. Let d be an odd divisor of n and let ζ be a primitive root of unity of degree d. In this case we have as was established in [9] ,
On the one hand, we have with the help of (8),
for any nonnegative l and 0 ≤ k < d − 1. This shows that the right-hand-side of (11) is bounded above by
On the other hand, letting q → ζ the left-hand-side now becomes
As the series
l diverges, we combine the foregoing identity with the fact that the left-hand-side is bounded to deduce that
Now we proceed as in the proof of Theorem 1 to get the desired congruence.
Proof of Theorem 3
By taking limits as q → ζ on both sides of (6) and following the same steps as in the proof of Theorem 2, we arrive at
for any d-th primitive root of unity ζ of odd degree 1 > d | n. This yields
Besides, by Guo and Zudilin [9, Lemma 3.1], the truncated sum of (6) becomes
for a = q n or a = q −n . Moreover, with these values of a the coefficients satisfy c q (k) = 0 whenever n−1 2 < k ≤ n − 1, so by virtue of Lemma 1(a) we have with these choices of a
Now the desired supercongruence follows by (13) and (14) since the polynomials [n], 1 − aq n , and a − q n are relatively prime.
Proof of Lemma 1
Part (a) is immediate from the assumption. As to part (b), we have
We now handle the individual terms in the foregoing identity. Let r j be the remainder of the division of j by d for j = 0, 1, . . . , ld + k. Then for a = 0, 1, . . . , l − 1 and ad ≤ j ≤ (a + 1)d − 1, we have j = ad + r j with 0 ≤ r j < d. Then
We now claim that 
Conjectures
We close this work by the following two conjectures which are related to Corollary 1 and Corollary 1 respectively. They both were suggested to us by an anonymous referee and they seem to be true by computational evidence. 
